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Abstract. Ehrenfeucht's Conjecture states that each subset S of a finitely generated free monoid 
has a finite subset T such that if two endomorphisms of the monoid agree on T, then they agree 
On S. It is the purpose of this note to verify the conjecture. 
Ehrenfeucht's Conjecture states that if ~/~k is the k-generated free monoid and S is 
a subset of Ms,, then there is a finite subset T of S such that if two endomorphisms 
on ~k agree on T, then they agree on S. This conjecture was made by Ehrenfeucht 
at the beginning of the 1970's and was motivated by formal language theory. It was 
first proved for k = 2 in [4]. In this paper we prove the following theorem. 
1. Theorem. Ehrenfeucht's Conjecture is true. 
There are several interesting consequences of Theorem 1. In particular, we have 
the following theorem. 
2. Theorem. The HDOL sequence quivalence problem is decidable. 
That Theorem 1 implies Theorem 2 is proved in [3]. 
The reader is referred to [6] for an excellent survey of the work around the 
Ehrenfeucht's Conjecture including some consequences of Theorem 1. 
Suppose that Mk(Xh. . . ,  Xk) is the free monoid generated by the set {x l , . . . ,  Xk} 
and that M is another monoid. A monoid equation in k variables x~,. . . ,  Xk is one 
of the form W1(Xh...,Xk)=W2(Xt,...,Xk), where w~ and w2 are elements of 
Mk(Xl, . . . ,  Xk). We say that a k-tuple (vh . . . ,  vk) of elements in M is a solution 
to the equation if w~(v~,..., Ok) = W2(V~,..., Vk). Two systems of equations in k 
variables are said to be equivalent over M, if they have the same solution set. In 
[3] it is proven that Theorem 1 is equivalent to the following theorem. 
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3. Theorem. A system of  monoid equations in k variables is equivalent, over the 
countably generated free monoid, to a finite subsystem. 
We can look at equations over groups by replacing the k-generated free monoid 
by the k-generated free group and the monoid M by a group G. 
Recall that a group is said to be metabelian if it is an extension of an abelian 
group by an abelian group, or, equivalently, if it satisfies the identity [[ w, x], [y, z]] = 
1, where [a, b] = a- lb- lab.  In order to prove Theorem 3, we need the following two 
theorems. 
4. Theorem ([7]). A free monoid freely generated by a set can be embedded into the 
free metabelian group freely generated by the same set. 
This can be proved by considering the wreath product 7)' ~ 7, where Z is the 
infinite cyclic group (see [2]). 
5. Theorem ([5, Theorem 3]). A finitely generated metabelian group satisfies the 
ascending chain condition on normal subgroups. 
The proof of the above theorem uses the Hilbert Basis Theorem. 
Proof of Theorem 3. Embed the countably generated free monoid ~ into the 
countably generated free metabelian group A. A system of monoid equations in k 
variables x l , . . . ,  xk can be considered as a system of group equations. If we can 
prove that this system is equivalent over A to a finite subsystem, then it is equivalent 
over M to the same subsystem. We now turn our attention to group equations over A. 
Suppose that Gk = Gk(Xh • . . ,  Xk) is the free group generated by the set {xb . . . ,  xk} 
and that Ak(Xl , . . . ,  xk) is the free metabelian group generated by the same set. By 
Theorem 5, Ak satisfies the ascending chain condition on normal subgroups. Now 
by [1, Theorem 1], a system of equations in k variables is equivalent over A to a 
finite subsystem. For completeness we reproduce the part of the proof of [ 1, Theorem 
1] that we need to justify the above claim. 
Suppose that {wi (x t , . . . ,  Xk) = 1}i°°--~ is a system of group equations in k variables 
x l , . . . ,  xk (thus the w{s are words in the free group Gk). Now suppose that the 
k-tuple (ah . . . ,  ak) of elements of A is a solution to w~ = 1, w2 = 1 , . . . ,  wl = 1 but 
is not a solution to wl+l = 1. Let a be the map from Gk to Ak that sends x i to x~ 
and let 13 be the map from Ak to A that sends xj to aj. We have 
/3 (Ot (Wi (X l , . . . ,Xk ) ) )=wi (ah . . . ,ak )= l  i f l<~i~ <l,  
while 
/3(a( wl+,(xl, . . . , xk))) = WZ+,(ah . . . , ak) # 1. 
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Therefore, a(wi (x l , . . . , xk ) )  is in the kernel of fl if l<~i<~l, while 
a(wl+~(x~,.. . ,  xk)) is not in the kernel of ft. It follows that the normal subgroup 
• . Xk))}i=l does not contain the element of Ak generated by the set {a(wi(x~, ., ! 
a (wt+~(Xl,. . . ,  Xk)). Therefore, if the system of equations is not equivalent o a finite 
subsystem, then we have an infinite ascending chain of normal subgroups of Ak, 
contradicting Theorem 5. 
This completes the proof of Theorem 3 and, hence, also of Theorem 1. [] 
References 
[1] M.H. Albert and J. Lawrence, The descending chain condition on solution sets for systems of 
equations in groups, Proc. Edinburgh Math. Soc., to appear. 
[2] G. Baumslag and Y. Roitbexg, Groups with free 2-generator subsemigroups, Semigroup Forum 25 
(1982) 135-143. 
[3] K. Culik, II and J. Karhum~iki, Systems of equations over a free monoid and Ehrenfeucht's Conjecture, 
Discrete Math. 43 (1983) 139-153. 
[4] K. Culik, II and A. Salomaa, Test sets and checking words for homomorphism equivalence, J. 
Comput. System Sci. 20 (1980) 379-395. 
[5] P. Hall, Finiteness conditions for soluble groups, Proc. London Math. Soc. (3) 4 (1954) 419-436. 
[6] J. Karhum~ki, The Ehrenfeucht Conjecture: A compactness claim for finitely generated free monoids, 
Theoret. Comput. ScL 29 (1984) 285-308. 
[7] A.I. Mal'cev, Nilpotent semigroups, Ivanov. Gos. Ped. Last. Ucen Zap. Fiz.-Mat. Nauki 4 (1953) 
107-111. 
